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Figure 5: PaN networks learn to maximize sensory signals. a. PaN networks with linearly spaced
action choices b. learn to optimize signal, not just choose nonzero values. Mean and standard
deviation plotted over 25 seeds. ¢. Example trace for (a-b). d. Signal optimization can be explained
by weight decay, automatically implemented by PaN loss (see text for discussion). Each line is the
mean weight magnitude W (¢) over the course of the trial. 25 random seeds. e. Entropy distributions
for PaN networks in (a-d), 25 trials, with distributions for 25 trials of matched-reward e-greedy agent
activity. Experiments required upper bound of 6.25 CPU hours, 10 GB.

Figure 4d shows the probability density of 100 trajectories like the one in Figure 4c, plotting the
densities along the closest point on the attractors and their bridge. In Figure 4d, the network is
inclined toward exploitation. Changing probability densities in Figure 4e show that noise affects the
tendency of a network to explore or exploit. Without noise, networks stay where they began and
do not prefer one action over another (Figure 4e, top). At intermediate levels of noise (Figure 4d,
e second and third plots), networks occupy the attractor corresponding to exploitation with higher
probability. With very high noise (Figure 4e, bottom) networks distribute themselves between both
attractors and do not show consistent reward-seeking. See Appendix D for details.

4.2 Larger PaN networks learn to chose maximally rewarding actions

Previous results show that in the presence of noise, a two-neuron system chooses a rewarding action
more often than a zero-reward action. We next test a larger network with a 30-neuron hidden layer
that can choose between six actions with linearly spaced rewards (Figure 5a). Networks learn to
choose the maximal action over time (Figure 5b, with c as an example trace). As in Figure 3h, Figure
Se shows greater variation in entropy distributions as compared to a matched-reward e-greedy agent.

To provide intuition for why PaN fixates on actions that maximize signals rather than any nonzero
action, note that the predictive energy increases through both fluctuating inputs and internal noise.
The contribution through input fluctuation can be eliminated by making a set of weights large enough
to fixate on one action, and the contribution through internal noise can be minimized by shrinking all
weights. Because larger inputs allow for smaller weights to achieve fixation, networks prefer actions
that lead to the largest input signals. Consistent with this intuition, we observe that weight decay is a
consequence of minimizing the PaN loss in the presence of noise (Figure 5d).

4.3 PaN adapts to both internal and environmental changes
4.3.1 PaN automatically adjusts to architectural changes

PaN can adapt itself to changing hidden layer sizes in the bandit task from Figure 5a. In Appendix E,
Figure 14a-b, we first show that networks with 20 or 40 hidden neurons can still learn the optimization
task. Then in Figure 14c, we run networks with 40 hidden neurons and randomly cut 20 neurons at
500k timesteps, showing that networks adapt and then continue to select the highest-reward action
most of the time. Similar adaptation is shown in Figure 14d, where networks start with 20 hidden
neurons and are then doubled to 40 neurons at 500k timesteps.

4.3.2 PaN adapts to external changes

Direct action-to-reward mappings. We now test PaN’s performance as a continual learning agent
using dynamic environments [1]. Appendix Figure 14e again begins with the 6-action setup in
Figure 5a, now with 30 neurons in the hidden layer. At 250k timesteps, the reward associations are
flipped—the action that was previously most rewarding is now the least rewarding, and vice versa.
PaN autonomously learns to exploit the new best action over the following 500k timesteps.
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Figure 6: Open-field search task. a. Actions correspond to four discrete movements in the reward
landscape b. ¢. Every hundredth point for a single trial. Starting point marked in red; see Video
2 for animated track. d. Density of occupation for 1000 trials, 500k timesteps each, showing that
networks spend more time in higher-value regions. e. The number of quadrants occupied for >10%
of the trial was counted for each agent. 908 of 1000 agents visited at least 3 quadrants rather than
getting stuck at local maxima. f. Agents were placed in landscapes that switched between two
states every 50k timesteps for 500k timesteps total. g. Occupation density over all trials, showing
greater occupancy at each maximum. h. When (g) is separated by the current landscape state, we see
localization at the current maximum. i. We change the motor interface of the agent from rotational
controls (forward, turn CCW, turn CW) (timesteps 0-500k) to translational controls as in a (timesteps
500k-1mil). Occupation density plots show that agents are able to adapt and continue to seek reward.
All experiments in this figure required an upper bound of 2000 CPU hours and 3.5 GB of storage.

Open-field search tasks. For a more complex environment, we design a task where actions
correspond to movements in a reward landscape (6p). Instead of fixed rewards, we set the change in
reward between an agent’s previous location and its new location as the input s. This one-timestep
difference mimics an immediate “adaptation” at the sensory level to the previous reward value. When
agents are placed in the landscape in Figure[6, they spend more time at locations with greater reward
values (sample track in Figure[6k; occupation density in Figure[6d). Agents do not fixate on one local
maximum but usually explore multiple peaks during a single trial (Figure[6g). In fact, most agents
initialized at random locations spent at least 10% of the trial in at least 3 different quadrants of the
landscape, and many agents spent time in all 4.

Agents adapt to changing landscapes. Figure [f shows a landscape where the reward peak flips
between two states every 50k timesteps. The agents distribute their time between the two locations,
[6le, and Figure [6h shows that agents localize to the current maximum.

PaN can adapt to changes in motor interfaces. Figure[6] places agents in the reward landscape
from Figure[6p. For the first 500k timesteps, agents move using a rotation scheme: networks can
take three possible actions corresponding to forward movement, 90 degree counterclockwise rotation,
or 90 degree clockwise rotation. Then a motor neuron is added and the interface is changed to the
standard translational scheme in Figure[Ga. Agents seek out higher-reward regions of the landscape
throughout the simulation.

4.4 PaN autonomously forms task preferences

4.4.1 Task preferences vary between and within networks

PaN displays an autonomy in goal selection that emerges from local interactions. We show this with a
network of two input neurons corresponding directly to two output neurons, with one additional output
neuron that provides no signal back to the network as a control (Figure[7h). Goal preferences vary
over time, shown by plotting preference trajectories, defined as the difference between cumulative
Action 1 and Action 0 selections at each timestep. Figure[7b has an example preference trajectory,
top, for the action choices below. Figure [7c shows that random seeds can stick to one action for
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Figure 7: a. Network in two-task environments. b. Actions can be plotted as a preference trace,
defined as the cumulative number of Action 1 selections minus cumulative Action O selections.
The blue preference trace in b, top, is plotted in ¢. as part of 500 random seeds. Seeds in c. are
randomly colored and each trial is 500k timesteps. Several random tracks are highlighted: some
networks strongly prefer one action for extended periods of time (red trace) while others change
preference rapidly (blue trace). d. Networks evenly distribute between Actions 0 and 1 but avoid
the non-rewarding Action 2. e. Specific noise patterns and weight initializations significantly bias
network preference, as measured by the difference between the number of times a network selected
Action 1 and Action 0. P-values for two-sided Wilcoxon rank-sum test. f-g. We gradually increase the
number of connections from the input neuron corresponding to Action 0 and show that the more dense
the connections from an input neuron to the hidden layer, the more likely networks will be biased
toward the corresponding action. h. We change the learning rate for the entire network if Action 1 is
selected. Learning rates are by default 0.01 otherwise. i. Networks avoid the non-rewarding Action 2.
J- Networks strongly prefer Action 1 if the modulated activity learning rate .4 is lower than the
modulated weight learning rate w,,,q. Experiments in figure together required upper bound of 2100
CPU hours and 150 MB for storage.

long periods of time, as in the red trace, or they can change preferences often, as in the blue trace.
Preferences are distributed between the rewarding actions evenly (Figure [7d).

4.4.2 Task preferences can be biased in biologically relevant ways

Noise and initialization We plot the standard deviations of preference within noise patterns for
differently initialized networks in Figure , left, as well as standard deviations of preference within
the same weight initializations using different noise patterns in Figure[7g, center. We compare both
cases to random noise patterns and initializations in Figure 7k, right, showing that preferences are
biased by specific patterns of activity and weight noise.

Connectivity In networks with two input neurons and 30 hidden neurons, we increase the number
of connections from the input neuron corresponding to Action 0 and keep the other input neuron fully
connected (Figure [7f). The sparser the connectivity of the input neuron, the less the network prefers
its corresponding action (Figure[7g).

Modulated learning rates Next, we change the activity learning rates a and weight learning
rates w when networks choose Action 1 (see Algorithm 1 for variable definitions and Figure[7h for
illustration). Networks retain their reward-seeking behavior by avoiding the non-rewarding Action
2 (Figure[7}). But interestingly, Figure[7j shows that when the modulated activity rate a4 is less
than the modulated weight learning rate w4, networks strongly favor the action responsible for the
change (Action 1). In other words, if an action results in faster weight learning than activity learning,
then that action is preferred (see [9] for biological plausibility).
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Figure 8: a. Networks can take translational movements in b. a landscape with two overlapping value
gradients. ¢. An unbiased network chooses either of the value maxima. d. When networks are biased
by reducing the connections from the input neuron corresponding to Landscape I values, e. networks
overwhelmingly prefer Landscape II. f. Sample track for e. g. Next we bias networks by reducing
activity learning rates when they receive positive Landscape I signal. Every 50k timesteps, the bias
switches to the other landscape for a total of 500k timesteps. h. Networks move between landscape
maxima, and a sample track in i. shows that networks move quickly toward the biased landscape,
with arrows to emphasize direction of movement. Experiments in this figure required upper bound of
1500 CPU hours and 3 GB.

4.4.3 Open-field search task with two types of reward

We then evaluate whether we can bias PaN’s preferences in the open-field search task. We add a
second input neuron to the network in Figure [0, shown in Figure [8p, and allow it to freely behave in
the landscape in Figure 8. Without any bias, networks do not consistently prefer either maximum
over the other (Figure [8c). When we bias networks toward Landscape II by decreasing connections
from the input neuron corresponding to Landscape I (Figure [8d), networks prefer the Landscape
IT maximum (Figure [8p-f). When we use the learning rate modulation method to bias the network,
decreasing the activity learning rate for signals from the biased landscape (Figure[8lz), we find that
networks can form extremely strong preferences for the currently biased landscape. Preferences
were rapidly switched by changing the biased landscape every 50k timesteps for SO0k timesteps total
(Figure [8h), with an example track in Figure g].

5 Discussion

We show that neural networks using only local prediction and noise can exhibit flexible, emergent, and
autonomous behavior. Our algorithm PaN can switch between exploration and exploitation without
external prompting, and these rich behaviors are explained by attractor dynamics. PaN is distinct
from classical RL agents in that it uses entirely local predictive updates rather than an environmental
reward function; consequently, it has the potential to select and shape its own goals. We show
that PaN networks can have preferences and can change them over time, similar to observations in
animals (see fruit fly behavior in [40]). And because of how PaN differs from other algorithms that
learn through environmental interaction, we define a preliminary framework called self-supervised
behavior (SSB) and elaborate upon it in Appendix [A]

Our algorithm is biologically plausible, has the potential to account for autonomy in living nervous
systems, and shows that emergent behavior is capable of switching between exploration and ex-
ploitation, where reward signals can be maximized during exploitation. In our estimation, these
features make PaN a possible starting point for more expressive algorithms that better resemble
natural intelligence.
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5.1 Limitations

We have only tested PaN in simple environments. We have not demonstrated PaN’s use of some of the
advantages of predictive coding models found in the literature [41]], such as their ability to learn useful
sensory representations; nor have we shown any capacity of PaN to form associative memories, which
are required in more complicated tasks, or how aversive stimuli might be represented. Moreover,
deeper PaN networks, ones with recurrent connections, or networks following Dale’s Law [[10] may
allow for more complex behavioral dynamics that PaN is incapable of in its current form. These are
all important missing components and will be interesting directions for future work.
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A Self-supervised behavior: a novel framework for environmental interaction

At the moment, reinforcement learning (RL) is the primary framework for artificial agents that learn
from and act within an environment. However, critics have pointed out that RL may be limited, in
part because it requires the foreknowledge of an appropriate goal [24]. While we do define a single
predictive loss for PaN (Equation [I]), the loss is determined internally and updates include noise. This
is in contrast with RL, where learning is set up as a way to maximize expected return from external
Markov Decision Processes [43]]. We argue that our algorithm is distinct both in its definitions and
resultant behaviors, which are never designed to achieve an optimal action trajectory (the authors of
GFlowNets make a similar argument to distinguish their work from RL; see [3l]).

PaN is only a preliminary model, but we believe it has the potential to be extended to autopoietic
computational systems. Most modern machine learning algorithms cannot by definition [24]], because
they use backpropagation to learn and backpropagation requires tasks or objectives that are predefined.
In self-organized, self-managing, and scalable systems [5]], however, goals should emerge on their own.
We therefore suggest that PaN belongs to a new framework, which we call self-supervised behavior
(SSB), named because PaN’s energy function resembles that of models that use self-supervision over
time [35]] to learn sensory representations. Here we posit features that an SSB model should possess.

A.1 Features of self-supervised behavior

¢ Updates are based on internal, local loss, with the absence of an environmentally
defined global utility function.

An SSB agent should exhibit emergent goals and behaviors rather than ones that are pre-
defined. Emergence allows for diversity in behavior both between and within individual
agents, as well as a great capacity to adapt to changing circumstances.

¢ Autonomous operation that can execute continual learning in dynamic situations.

SSB should remain autonomous. For an agent to function—much like a living organism—it
should not require continual direction from an external entity. An SSB agent’s ability to
carry out continual learning should be entirely self-driven.

* Evidence of apparent goals that are self-selected, and evidence of ability to improve
performance on these goals.

Again, goal selection should emerge from an SSB agent’s internal workings rather than
an external definition. The agent should also be able to learn over time to better achieve
these goals, whether through increasing a reward signal, which we have shown here, or by
learning effective motor sequences on its own, which we leave for future work.

A.2  Why define an alternative framework?

Defining SSB allows us to scaffold ideas and results from PaN without relying too much on the
details of its implementation. We do not believe PaN’s particular energy function, architecture, and
training methods are unique in their ability to produce the results we show in this paper. At the same
time, we believe PaN’s use of emergence to generate behaviors makes it fundamentally unlike most
other algorithms.

Namely, we feel it is important to define a framework for agents behaving in environments that does
not rely on achieving some optimal course of action. RL and even active inference begin from the
assumption that actions taken in an environment serve to optimize some set task or environmental
function (minimizing overall “surprise” in active inference [36], for example). But one might consider
the great diversity, creativity, and self-driven nature of animal behavior, and that all of it might suggest
that learning algorithms do not need to optimize an environmental outcome (outside of fulfilling
the basic constraints of survival and reproduction) in order to perform useful, adaptive, or simply
interesting behaviors.

Thus we believe that defining SSB as a framework is important and ongoing work, for PaN and
other emergent algorithms. Our hope is that suggesting this alternate framework for agents acting
in environments will encourage researchers to consider that explicit optimization is only one way
of learning from an environment, and to explore other, possibly richer ways of interacting with the
world.
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B Explore/exploit modes persist in entropy calculations with different
window sizes.

In Figure 9] we show that distinct explore/exploit states persist regardless of window sizes for entropy
calculations. The data here are for the system in Figure[I0} First we plot comparisons for PaN (Figure
Ph) and an e-greedy agent with matched reward (Figure Op). Figures [Oc-d show PaN at different
timescales, while Figure O plots the entropy for a 1000-timestep rolling window for both PaN and
e-greedy agents. PaN exhibits distinct high-entropy (explore) and low-entropy (exploit) phases, while
e-greedy agents maintain consistent levels of exploration throughout. Figure [9f shows that even when
entropy windows are very small, PaN still has a bimodal entropy distribution, while the e-greedy
agent distributions are unimodal. Figure[Jg plots exploitation, as defined by the frequency of windows
with very low entropy (marked bars in Figure 0f) for a range of noise conditions.

Cc With noise (n,=0.018; n,=0.0013)

PaN with noise (n,=0.018; n, =0.0013)
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Figure 9: a. Sample action choices for a PaN network in Figure @h, first 1000 steps. Compare to b.,
which is an e-greedy agent with a matched proportion of reward selected. ¢. The first 15k steps from
the same trial as a. PaN displays exploration (dense parts of plot) and exploration (fixation) at multiple
timescales. d. Entropy of rolling windows of action selections for both PaN and e-greedy agents.
PaN transitions between high entropy (exploration) and low entropy (exploitation). e. Histograms
of entropies for PaN and e-greedy agents with differently sized entropy windows, showing that
bimodality in PaN’s entropy does not depend strongly on window size. Here bimodality suggests the
presence of two behavioral states, as discussed for Figure Bh in main text. f. We devise a proxy to
visualize the amount of exploitation in a PaN network, which is the proportion of windows across
trials and 25 random seeds with < 0.16 bits (0.1 * log,(3)) of information. Pink arrows mark this
value in e. for a noise setting of 7, = 0.018; ;> = 0.0013. We plot the exploitation metric for all
noise settings and a range of window sizes. For a broad range of window sizes (from 1k to 10k
timesteps tested here) there remains a region of noise that allows for exploitation, around 7, = 0.018.
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C The effect of noise parameters on behavior.

The scales of activity and weight noise affects how frequently a PaN network chooses the rewarding
action in a bandit task. They also affect the amount of exploration, and variability in performance
between networks. Here we show, using a network with a 30-neuron hidden layer and 3 possible
actions, that different noise settings can produce different qualitative regimes of behavior (Figure [I0).

Cc
a Network setup Without noise: n =0; n,,=0

N
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Figure 10: PaN behavior in a 3-armed bandit task under different noise settings. a. Network setup with
one hidden layer and three possible actions. Actions correspond to [0, 0, 0.5] reward, respectively. b.
The percentage of actions chosen that were rewarding (Action 2). Mean (left) and standard deviation
(right); n=25 per condition. For exact values see Table 2. ¢. When noise parameters are 0, networks
fixate on one randomly chosen action. This and following plots are mean action selections over time,
with shaded areas denoting standard deviation, n=25. d. When noise is nonzero and within a certain
range (see b.), networks learn to choose the most rewarding action. e. When weight noise is very
high and activity noise is 0, rewarding actions (Action 2) are not preferred, and the network chooses
the zero-reward actions preferentially. f. In high noise settings, networks are dominated by noisy
actions throughout trials.

In Figure [TOh we show the network setup and in Figure [TOp, we plot the percentage of time the

rewarding action was selected. We see that there is a range of noise settings that leads to higher

reward, around 7),, € [0.0013,0.042]. Without noise, networks fixate on a random action in Figure

%. With noise, networks choose the rewarding action and learn to exploit it more over time (Figure
).

An interesting case arises, however, when weight noise is high and activity noise is low. We see in
Figure IO that here, the rewarding action is avoided rather than preferred. This is because noise is
only propagated through the system when there is signal, and so the network prefers zero reward
actions over ones with any signal.

Finally, when weight and activity noise are both high, all actions are random (Figure [TOf).
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C.1 Table values for noise parameter sweeps

We include here the values for heatmaps in Figure [3]-j and Figure [TOp.

Table 1: Values for Figure —j. a. Mean and b. standard deviation of proportion of actions taken that
were rewarding for an action space with 2 actions corresponding to rewards [0, 0.5]. For two-neuron
system in Figure Bp. Note that here, random actions would correspond to a mean of 0.5. The
maximum means in (a) are bolded (.957).

(a)

Nz \Mw 0 .0001 .00024 .00056 .0013 .0032 .0075 .018 .042 .1
0 510 514 .529 530 538 572 .540 428 186  .059
.0001 .556 .554 552 552 576 .623 .615 582 555 457
.00024 | .608 .610 .604 .596 .600 .632 .620 585 560 478
.00056 | .718 721 723 716 .669 .657 .633 590 565 496
.0013 .807 .809 811 .816 .809 125 .663 601 573 512
.0032 915 915 915 915 911 877 133 628 588 .530
.0075 | .957 .957 957 957 955 .943 851 .684 614 552
.018 947 947 947 947 947 942 914 767 651  .579
.042 851 851 851 851 851 .849 .841 778 655 571
1 615 .615 .615 .615 615 .615 .613 .605 576 537
(b)
Nz \Mw 0 .0001 .00024 .00056 .0013 .0032 .0075 .018 .042 .1
0 500 495 488 475 434 379 217 099  .036 .013
.0001 | 483 483 471 449 410 .349 205 090 .043 .017
.00024 | 455 453 447 429 398 .345 204 .090 .043 .017
.00056 | .384  .380 374 .365 .360 332 .200 .089 .043 .017
.0013 | 329  .326 321 .306 275 281 191 .088 .042 .017
.0032 | .146  .146 .146 .146 .149 142 163 .084 .041 .017
.0075 | .048  .048 .048 .048 051 .055 .086 075  .038 .016
.018 022 .022 022 .022 .023 .024 .032 055 .034 015
.042 018 018 018 .018 018 .019 .020 .029 .026 .013
1 018  .018 018 .018 018 .018 018 .018 .016 .012
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Table 2: Values for Figure . a. Mean and b. standard deviation of proportion of actions taken
that were rewarding for an action space with 3 actions corresponding to rewards [0.5,0,0]. For
three-neuron system in Figure [[0p. Note that here, random actions would correspond to a mean of
0.333. The maximum mean in (a) is bolded (.811).

(a)

N \NIW 0 .0001 .00024 .00056 .0013 .0032 .0075 .018 .042 .1
0 307 319 339 .386 .359 .343 .340 245 173 .063
.0001 | 401  .359 372 401 381 373 424 366 317 211
.00024 | 464 450 408 427 401 .383 430 373 332 236
.00056 | 507 534 S15 497 454 402 440 382 348 264
.0013 | .604 .621 598 595 547 442 459 397 365 297
.0032 | .636  .651 .662 .693 670 541 .500 423 389 335
.0075 | 717 732 728 768 57 .556 553 460 411 361
.018 800  .796 789 .802 811 587 516 482 416 .359
.042 645 638 .634 .635 622 541 420 439 392 347
1 387 386 382 .390 388 .388 352 352 364 346

(b)

N \NIW 0 .0001 .00024 .00056 .0013 .0032 .0075 .018 .042 .1
0 441 412 401 .361 305 264 155 066 .030 .012
.0001 | 418 402 397 363 306 .260 147 .054 .026 .013
.00024 | 408 411 391 .356 305 .256 145 055 .026 .013
.00056 | 351  .366 348 .330 293 242 142 054  .026 .012
.0013 | 273 271 .269 .284 .255 .208 136 .053 .025 .013
.0032 | 242 232 220 .200 212 .188 125 053 .025 .011
.0075 | .128  .123 133 133 144 .168 119 .054 .024 010
.018 049 .065 .063 071 072 .145 114 .050 .020 .010
.042 067  .070 .088 .081 .090 134 075 .040 .019 .008
1 047 051 .045 .044 048 .040 .036 035 .024 .010
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D Analysis of attractor dynamics

The goal of this section is to develop an intuition and explanation for PaN behavior based on a
dynamical systems perspective of the analytically tractable two-neuron network. We begin by
reinterpreting the prediction and noise (PaN) algorithm as a system of stochastic differential equations
(SDEs). We use these equations to derive an attractor in the network’s parameter space in the absence
of noise. The attractor has three components and we describe their associated stabilities and behaviors.
Finally, we simulate the long-term distributions of network parameters along the attractor, and show
how these distributions change with different noise magnitudes.

D.1 The general PaN algorithm as a set of difference equations

PaN’s dynamics are governed by the predictive energy function (Section [3):

L-1
1 1
E(t) = 5(s(t) =x0(t)* + 5 > (xu(t) = Relu(Wi_i (t)xi-1(1)))? ©)
=1
At timestep ¢, a network’s activities x;(¢) and weights W(¢) are updated according to the following
steps, which we rewrite from Algorithm 1. Here, a and w are the activity and weight learning rates,
o, and oy are the activity and weight noise standard deviations, and 7w (t) are i.i.d. standard
normal noise across parameters and time (notation here differs slightly from Algorithm 1 to facilitate
analysis).

1. Begin with activities and weights (x;(t), W (t)) at time ¢.

2. Perform gradient descent on £ with respect to the activities x;

x; + x(t) — aVyx, E(x(t), W(t)) )

3. Add activity noise

Xl(t + 1) — X+ Umnx(t) (5)

4. Perform gradient descent on E with respect to the weights W,

W, +— Wi(t) —wVw, E(x(t+1), W(t)) 6)
5. Add weight noise

Wl(t + ].) ~— W, + anw(t) (7)

We can summarize the change in the activities and weights between timesteps ¢ and ¢ + 1, Ax;(t)
and AW, (t), as

Ax(t) = —aVyx, E(x(t), W(t)) + o2nx(t) (8)

AW (t) = —wVw E(x(t + 1), W(t)) + ownw (t) ©)

Notice that AW/ (¢) depends on x(¢ + 1) rather than x(¢). So the weight update at timestep ¢, written
in terms of the parameters at that timestep, is given by

AW, (1) = —wVw, B [x(t) = aVi E(x(t), W (1)) + 021x(t), W(H)] + ownw (t)  (10)
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We can summarize the PaN algorithm with the following set of noisy difference equations
Ax(t) = —aVyx, E(x(t), W(t)) + 021« (t) (11)

AW, (t) = —wVw, E [x(t) — aVx, E(x(t), W(t)) + 0:nx(t), W(t)] + ownw (t) (12)
From now on, we drop the ¢ argument, since it is the same everywhere.

D.2 The two-neuron PaN network as a noisy dynamical system

D.2.1 Difference equations for the two-neuron network

We now focus on the dynamics of the two-neuron agent in the two-action bandit task. The agent is
parameterized by two activities, x¢ and x1, and a weight W. It receives one sensory input s from the
environment. Its dynamics are governed by the energy function from Equation 2:

E = %(s —20)? + %(ml — Wxg)? (13)

Here we removed the ReLu nonlinearity from Equation 1 for ease of analysis. Following the previous
section, this energy gives the update rules

Axg = —a(zg — s+ W2z0 — W) + 02z, 14)
Azy = —a(r1 — Wao) + 04, (>

OE [x — aVXE(x, W) + 0,7, W]

AW = —
W=-w oW

+UW77W (16)

The activity noise now appears in the weight updates, meaning that activity noise and weight updates
are correlated. Upon expansion of AW, one finds that the variance of the noise in the weight update
also depends on zq, 1, and W. Both of these observations will complicate future analysis.

Luckily, we can make a simplification: the complexity of the expression for AW comes from
the additional —aVy E(x, W) 4 0,7 term. This term appeared because we updated the weights
according to x (¢ + 1) rather than x(¢). However, terms from this addition must be of O(wa), O(wo,),
or higher in « or o, In all our simulations, these three parameters are small (on the order of 10~2 or
less), so we neglect the higher-order terms. In Section[D.4] we empirically show the validity of the
approximation, which gives AW the much simpler approximate form

AW = fw(Wzg — zox1) + ownw (17)

Because PaN interacts dynamically with its environment, the sensory stimulus it receives is a function
of its motor output x;. Indeed, as per the definition of the two-lever bandit task, s is given by

s(x1) = soH(x1) (18)

where H (x) is the Heaviside step function and s is the value of the reward lever. DWe can rewrite
two-neuron PaN dynamics as the following system of difference equations:

'Tt was important that we made the substitution s — s(1) at this step rather than in the energy function,
because if we had made the substitution in the energy function before taking derivatives, we would have
inadvertently enforced that 1 updates to change s so that it is closer to xo. That would have been a non-local
interaction, which is not permitted.
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Axg = —a(zg — soH (1) + W3zg — Wx1) + 0ule, (19)
A.Tl = 70&(%1 — W’I‘()) + OxMNzy (20)
AW = —w(Wai — zox1) + ownw (21

This is the form of a discretized system of stochastic differential equations (SDEs).

D.2.2 Stochastic differential equation approximation for the two-neuron system

The three noise terms are now uncorrelated normal random variables, making the equations above
amenable to analysis. We now demonstrate that the PaN algorithm can be interpreted as an SDE,
giving insight into the long-term parameter distributions we should expect.

A general SDE takes the form:

Here, X; and p (X, t) are vectors in RY. o (X4, t) is an N x M matrix, and By is an M -dimensional
Wiener process. If we discretize time in steps At, the Euler scheme implies

AXt = [.l;(:)(t7 t) At =+ V At O'(Xt, t) Zt (23)

where AX; = Xy a¢ — X; and Zy ~ /\/’((_)’7 I). Letting

AX; = (Azg, Axy, AW)T (24)
w(X;,t) = E[(Axg, Azxy, AW)T] (25)
o, O 0
o(Xy,t) = (O o O ) (26)
0 0 ow

we see that the PaN is a 3-dimensional SDE discretized by the Euler scheme with A¢ = 1. In Section
[D.4] we support this claim by showing that the system’s long term behavior is consistent with the real
PaN agent as we send At — 0 in simulations.

This result motivates us to reinterpret the two-neuron PaN agent, and all PaN systems in general, as
SDEs with nonlinear drift terms and diagonal o matrices. Note that the form of the SDE depends
both on the architecture of the agent through F(¢) and on the environment function through the form
of s(x). This interpretation holds even in stochastic environments where the stimulus vector s is not
completely determined by the network activities x, as we can always approximate it as s(x) plus an
additional noise term.

For the linear two-neuron PaN agent in the deterministic bandit task, the SDE that describes the
system is given by
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d

% = —a(xg — soH(z1) + W2xo — Wx1) + 040z, 27
dl‘l

e —a(xy — Wxg) + 040, (28)
daw

e —w(Wx% — zox1) + oWnw (29)

where here the 7 denote independent white noise processes.

D.3 Derivation of attractors and how they correspond to explore or exploit behavior

We can gain a geometric intuition for PaN behavior by considering the attractor of the dynamical
system (the set of all points that are stable without noise). To find the attractor, we calculate the fixed
points and determine stabilities with linear stability analysis.

D.3.1 Linear stability analysis of the fixed points

Ignoring noise and setting all derivatives to zero, we find that the fixed points are given by

T = WJ?O
{ Tro — S()H(.’L‘l) (30)

We perform linear stability analysis to determine which fixed points form an attractor. Letting

F(zo,x1,W) = ddit“, Gz, 21, W) = %, and H(xg, 21, W) = %, the Jacobian is given by

ox dx,  OW —0[(]_ + W2) OZ(W + 805(1}1)) a(xl — 2W"E(])
J = % % % = aW - axg 31)
oH oH OH w(xy — 2Waxy) wxg —wd

6!1,‘0 6{1:1 ow

since %ﬁl) = §(x1), where §(z) is the Dirac delta function. The Dirac delta distinguishes two
cases, 1 # 0 and z; = 0.

Stability for fixed points where 1 2 0 We begin by analyzing the system’s stability when z; # 0.

This occurs if and only if zp # 0 and W # 0. At the fixed points, if 2y # 0, then z¢y = sg. So, we
evaluate the Jacobian where x(y = sg and x1 = Wx( and solve for its eigenvalues A. We find

A1 =0 (32)

1
Aog = 3 (—ws% —a2+W?)+ \/w283 + 2wasiW? + a?W?2(4 + WQ)) (33)

The zero eigenvalue corresponds to the line of fixed points. Since o > 0 and w > 0, the second two
eigenvalues are negative real numbers for all W. As such, the fixed points where z; # 0 are all
stable.

Stability for fixed points where z; = 0 Next, we analyze the case where 1 = 0. Strictly speaking,
the Jacobian is undefined here because J(x; = 0) = co. However, we momentarily consider the error
function approximation of H(x1) so that its derivative is not §(x1 ) but rather a very sharp Gaussian.
This means we can approximate our Jacobian by replacing 6(0) with €2, where €2 is an arbitrarily
large but finite positive number.
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When z; = 0, there are two sub-cases. Either zo = 0 (a line where W can take any value) or o = sg
and W = 0 (a point). With the {2 approximation, the eigenvalues of the Jacobian on the line where
xo = 0 are

A =0 (34

A2z = %a (—2 — W2 EVWAAW + W3 + 43052) (35)

The eigenvalues at the fixed point characterized by xg = sg and W = 0 are

M =0 (36)
Ao = —wsd —a (37)
A3 = —« (38)

In Equations 36-38, all nonzero eigenvalues are negative, so this fixed point is stable without noise.
However, Equation 35 has an eigenvalue with a positive real part when W > 0. This is because
Q >> 1, so if the term in the square root is multiplied by a positive real value (v/T), then one of the
eigenvalues will be a very large positive number.

We therefore conclude that the fixed points where W > 0 and zy = 0 are not stable. However, all
other fixed points where z; = 0 are stable without noise.

D.3.2 The attractor of the two-neuron network

b X, VS X, X, vs W W vs x,
1 2 0.5 ——
a
X, W X,
2
R d 0 e 2 0 es——
ewar 0w 0 x, 05 0 X, 1 2 W 2
(o]
¢ < 2 .. 05 0.5 0.5
o rewar 3
§ X, X, w
0 o
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w
0 05 0 0L } 0 L4 [
0 05 0 1 2 1 0 1 2
Value

Figure 11: Attractors without noise in the two-neuron network. a. Reward and no-reward attractors
plotted in the parameter space of (xg,x1, W). b. Projections of attractors on each labelled plane,
color-matched to planes in a. ¢. Frequency distributions of each parameter.

Combining the results of Section[D.31] we find that there is an attractor in the two-neuron network’s

parameter space given by

xr1 = Wl‘o
{ o — SoH(ZL'l) (39)

with the constraint that W < 0 if zy = 0. We visualize it in Figure[TT}—it looks like two disconnected
line attractors in the parameter space of (zo, 1, W).
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D.3.3 Without noise, all parts of the attractor are stable

Projected into the three planes, the attractor looks as in Figure [ITp, with distributions of each
parameter in Figure [TTk. The histograms give the expected distribution of the agent’s parameters
under the zero noise condition: networks stay on the attractor and do not favor any section of the
attractor over another. These plots can be used as references for later figures.
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Figure 12: Motor noise (noise at 1) is necessary for reward-seeking behavior. a-f look at networks
without motor noise, 7, = 0. Networks are still settling in the first 200 timesteps (a-b) but by
timesteps 5k-100k (c-d), they have settled into their long-term distributions (e-f). Networks evenly
distribute between choosing both actions, most easily seen in the x( histograms in (d) and (f). g. With
motor noise, networks prefer the rewarding action, which is again best seen in the z( distribution
in h. i-j. Noise can be tuned to further push networks toward exploitation. With less weight noise,
networks almost entirely choose the rewarding action (j).

D.3.4 With motor noise, only the rewarding part of the attractor is stable

If we add noise, any part of the attractor that lies on the agent’s "decision boundary," x1 = 0, is
unstable. This is because when z; = 0, small amounts of noise added to ; can switch the agent’s
lever choice, which alters whether PaN is driven to the reward or no reward attractor. The entire no
reward attractor lies on this decision boundary, which means that it is unstable in the presence of
motor noise.
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The reward attractor, on the other hand, is almost entirely stable. Only the very edge (where
z1 = W = 0) lies on the decision boundary, so only when PaN diffuses along the attractor to the
edge can it select the zero reward lever and begin converging to the zero reward attractor.

We show these results in Figure[T2] When there is no motor noise as in Figure [[2h-f, networks do
not prefer the rewarding action, best seen in the x( distributions in Figures , f, which are evenly
split between inputs 0 and 0.5. When motor noise is added as in Figure [I2z-j, networks do prefer the
rewarding action. This is again best seen in the x( distributions in Figures , j,» where now the 0.5
input is strongly preferred.

D.3.5 Attractor dynamics explain overall explore/exploit behavior.

Given the observations up until now, we expect the following behavior.

1. The agent should in general be converging to either the reward or no reward attractor,
depending on its current lever choice.

2. In the presence of noise, the agent should spend more time at the reward attractor because it
is more stable.

3. Since the agent can switch from converging towards the reward attractor to converging
towards the zero reward attractor when it is near the reward attractor edge, xt1 = W =0,
there should be an occasionally traversed "bridge" along the x( axis between the no reward
and reward attractors.

Now we have a geometric explanation for the agent’s long-term explore-exploit behavior. We can
interpret the time that the agent spends diffusing along the reward attractor as its exploit phase. This
phase should be longer than all other phases because the reward attractor is the most stable section
of the agent’s parameter space. We can interpret the time that the agent spends switching between
the two attractors, along the z; = W = 0 "bridge", as its explore phase. This phase should happen
whenever the agent nears the edge of the reward attractor.

The rate at which the agent oscillates between explore and exploit phases therefore depends on the
length of the reward attractor, its rate of diffusion along the attractor (which is proportional to the
noise in the system), and the distance between the reward and zero reward attractors, which depends
on the magnitude of sg. Quantifying these rates will be interesting directions for future work.

With this picture, we can also explain why it takes time for the agent to learn to maximize reward.
The learning phase is the transient phase that occurs while the agent converges to an attractor from its
random initial point, which one can see in Video 1.

D.4 Empirical validation of attractor interpretation under various noise conditions.

Here we show that the approximations made in Section[D.2.1] where higher-order terms are dropped
in the difference equations, do not have a noticeable effect on network distributions. All plots in Figure
[[3]have noise in all three parameters: 7, = 7, = 0.01; 7y = 0.0001. Plots are all for timesteps
300k-500k. Figure[I3p-b plot parameter projections and distributions when higher-order terms are
included. There is little difference between Figure [I3p-b and Figure[T3-d, when higher-order terms
are dropped, suggesting that dropping these terms is a valid approximation.

We also support the writing of PaN as a system of SDEs by showing that different step sizes do not
noticeably change parameter distributions. Figures[I3p-f show plots with a timestep of 1 (see Section
and Figures [I3jg-h show plots with a timestep of 0.05. Again, distributions change very little
between conditions.

D.5 Future work

The SDE picture of PaN opens some avenues of future exploration. In particular, future work could
focus on solving the Fokker-Planck equation for the agent’s equilibrium distribution in parameter
space, opening the door to the prediction of long-term behavior with arbitrary architectures in any
environment. This would allow us to explore agents’ behavior in different tasks with varying number
of hidden neurons, changing network connectivities, or with varying learning rates o« or w.
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Figure 13: Support for approximations made in Sections and All plots are for two-
neuron PaN networks with noise in all three parameters: 7,, = 1,, = 0.01;9y = 0.0001. Plots
are all for timesteps 300k-500k. a-b. Projections and distributions, respectively, for parameters
when higher-order terms are included in the difference equations in[D.2.1] ¢-d. Projections and
distributions when higher-order terms are dropped. Differences between a-b. and c-d. are very slight.
e-f. Timestep of 1 as in Section|[D.2.2] compared to a timestep of 0.05 as in g-h. There is again very
little difference, suggesting that PaN can be written and understood as a discretized SDE.
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E Adaptation in bandit tasks

Figure[T4]is a series of plots demonstrating continual adaptation, referenced in the main text, Sections
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Figure 14: a. PaN networks are put in a 6-action environment with linearly spaced rewards. All plots
are for 50 random seeds; means and standard deviations in shaded regions. b. Networks with 20 (left)
or 40 (right) hidden neurons can learn to select the most rewarding action (Action 5). ¢. If networks
begin with 40 hidden neurons and are cut to 20 hidden neurons at 500k timesteps, they continue to
learn and adapt to the new architecture without external cues. d. Likewise, networks adapt when their
20 hidden neurons are doubled to 40 at 500k timesteps. e. A network with 30 hidden neurons can
adapt to a bandit task that switches reward values midway through the trial. The reward switch occurs
at 250k timesteps and the simulations are for 750k timesteps total.
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